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Abstract: In this paper, we show how the method of Horace can be used to prove maximal rank hypothesis in P™.
This can be useful in finding generators of the homogeneous ideals in P"; results which can be applied in the proof
of the minimal resolution conjecture.
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1. INTRODUCTION

The minimal resolution conjecture asserts that the minimal free resolution of a set M of m points in general position has
no ghost terms. That is, the conjecture gives the prescribed form of the minimal free resolution of these m points.

The minimal resolution conjecture predicts the correct form of minimal free resolution for general points in P™ for n < 4.
This has been proved in [5], [6], [2], [3], [9], [10] and [11]. In P", where n = 6, counter examples to the conjecture have
been found (see [4]), except forn = 5and n = 9. These counter examples appear for as few as 11 points in P®. In P°,
these counter examples have not appeared for 50 or fewer points. In general, the conjecture holds true when the number
of points, m, is sufficiently large compared to the dimension of the projective space, that is, m >> n (see [7]).

Our aim is to show how the method of Horace can be used to find generators of homogeneous ideals associated with the
szygies in the free resolution of points in general position in P™.

The paper is organized as follows. We will first give some results that we will use in our main work and also build
notation and develop the language used. We will then describe the method of Horace and put it in the context of minimal
free resolution for P™before showing how this method can be used to tackle the conjecture in P™.

2. PRELIMINARIES

The minimal resolution conjecture was formulated by Lorenzini [1], and it predicts the form the minimal free resolution
for the ideal of generic points in the projective space. Suppose

M ={P,,P,,-- B,},where m = n + 1, is a set of points in general position. Let X be the sub-scheme supported at these
points. Then the homogeneous ideal Iy © R = k[x,, x4, - x,] Where k is an algebraically closed field and R the
homogeneous coordinate ring of P™, has the following form;

0 > Fgo— B> F—Ik—0

If in addition the number m of points are in the d™ binomial interval and also satisfy m < h°(P", Opn(d)), then the
points impose independent conditions and each module F, is a direct sum of copies of degree d + p generators and
degree d + p + 1 generators. Also the minimal resolution conjecture gives a relation among the degree d + p
generators in F,,; and F,. More precisely, we have that each of the module F, is of the form F, = R(—d —

p)*-1® R(—d — p — 1)P», with the non-negative integers a, and b,, called the graded Betti numbers, satisfying;
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a, = max {0,h° (P", 021 (d +p + 1)) —rk (O (d + p + 1)) m}
And b, = max {o,rk (Qﬂ";;l(d +p+ 1)) m — h° (IP", P (d +p + 1))}
It has been shown in [7] that the problem of existence of the minimal free resolution of the form above can be reduced to
proving that the evaluation map below is of maximal rank for all

0<p<n-2.

HO (IP’", PRt d+p + 1)) — @O (d +p + Dp,

This is the same as saying that the betti numbers a, and b, satisfy a,b, = 0forp = 0,1,2,---n—2.
Method of Horace

The method of Horace is presented in [7]. It is an inductive method that makes use of elementary transformation of vector
bundles.

Theorem 2.1 (Method of Horace)

Suppose we are given a surjective morphism of vector spaces,

LHY (X' F) — L
and suppose that there exist a point Z' € X’such that
AH(X',F) o L®F’
and suppose that H1(X,E) = 0. Then there exist a quotient E(Z") — D(A) with a kernel contained in F'(Z") of
dimension dim(D(A)) = rk(F) — dim(ker 1) having the following property: Let u: H°(X, F) — N be a morphism of

vector spaces, then there exist Z € X' such that if H°(X,E) — N@®D(A) is of maximal rank then H°(X,F) —
N@L@F(Z) is also of maximal rank.

The idea of the theorem is illustrated in the diagram below.

0 — H(X,E) — H'(X,F) — H'X.F) — 0
la g Ly
0 — N®D\) — NOLO®F, — L®DW; — 0

The key point is that if the map y is bijective, then g will be bijective provided that « is bijective.
Remark 2.2

The method of Horace involves application of theorem 2.1 and diagram chasing. The diagram chasing is done on exact
sequences obtained from elementary transformation of vector bundles.

3. METHOD OF HORACE FOR P"

In this section, we show how the method of Horace can be used in verifying the maximal rank hypothesis. We begin by
giving an elementary transformation of vector bundles on P™ and identify the sequences will be used in the diagram
chasing. With these sequences, we will put theorem 2.1 in our context. We will then formulate the inductive hypotheses
and give the lemmas which when proved to be true proves the inductive hypotheses. The folloing elementary
transformation will be used.
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0 0
! !
Pl (d +p) = Prt(d +p)
) )
n
0 — 0m@-0%01) & PPEtp+1) - L@+p+1) — 0 (B
! ) I

0 —  Quald+p) = Qpny@+p+1) — QEL@E+p+D — 0

) )

0 0

Remark 3.1

p+1 GB(p21)

To put the method of Horace in the context, we set X = P*, X' = P*" 1, F = Qpn s E = Opn and F' = an';ﬁl. We

use the middle sequence and the leftmost sequence to. As an illustration using the middle sequence, theorem 2.1 asserts
that if the map y in the diagram below is bijective, then g will be bijective provided that « is bijective.

n

0 — HO (u»n, Opn (d — 1)®(p+1)> — H° (P“,Qp“(d +p+ 1)) — H° (n»"—l,(zu‘;;}l(d +p+ 1)) — 0

Pn
la LB by
0 — N®D() - NOLOF |z - L@ D'M)( — 0

The method of Horace involves defining the evaluation maps, proving all possible cases of N, L and the quotients. For this
particular case, proving these cases is the same as proving the following inductive hypotheses.

+1

Hypothesis 3.2 H(Ql:'(d +p+ 1), Q0,1 (d + p +1); a,b,c)

The statement H(Qg}l(d +p+1), Qg,ﬂl(d +p+1); ab, c) asserts that for all non-negative integers a,b,cand

Gsatisfying, where 0 stands for the dimension of the quotient and satisfy 6 < (p _7: 1), we have that the map

HO (11»”, i d +p + 1)) — OL, 00 (d +p + D4, @100’ (d +p + 15, O
n —
is bijective. Here (p N 1) a+ (; n 1) b+0c=h° (IP”, Qn‘lil(d +p+ 1)).

Hypothesis 3.3 H(Opn (d- I)EB(P“). Q). 1(d+p); ef, .9)

n
The statement H(Opn (d—1)®(P+1).Qﬂp»n-1(d+p); e,f,g) asserts that for all non-negative integers e, f, g and

esatisfying, where ¢ stands for the dimension of the quotient, we have that the map

n

H (7,051 (d = D°61)) 5 @000 (a = D0+1)), @/ 001 (@ - 1)) @,

—_ n
is bijective. Here (p i 1) e+ <n p 1>f +eg=h° <]P)n’ Opn (d — 1)@(p+1)>_
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Remark 3.4

a. In order to use the method of Horace in proving maximal rank hypothesis for a particular n, one proves the above
hypotheses for 0 < p < n — 2. The induction is done on d while fixing p.

b. The proof of the hypotheses above follows from the verification of the following lemmas. The lemmas form the
inductive part of the proof. The base step involves proving by hand the maximal rank hypothesis for the smallest possible
cases.

Lemma 3.5

Suppose d, a, b and ¢ are non-negative integers satisfying the conditions of hypothesis 3.2. Write

1 Ap+l n—1 _(n—1 _ n—1
ho(lP’n 1’Q]Pn_1(d+p+1))—<p+1>b—9C—( p )f+sg.Sete—a—f—g. IfaZOand( p f+eg <

ho (nvn, Opn (d — 1)@(p+1)), then H<0]Pn @=1)%0+1) 0P (d+p); e, f, g) implies H(Q2A(d + p + 1), 0242, (d +
p+1); ab, c).

Proof. The proof of this lemma follows from application of theorem 2.1 on the exact sequence

n

0 — HO (]P’", Opn (d — 1)@(p+1)> — H° (IP", Pid+p+ 1)) — H° ([Pn—l, Pl (d+p+ 1)) — 0

Pn
Lemma 3.7

Suppose d, e, f and g are non-negative integers satisfying the conditions of hypothesis 3.3. Write h° (P"‘l,ﬂﬁ,n_l(d +

1

p))—(ngl)f—£g=(n_1)l;—9_c_, where b>0. Set a=e—b—¢ If a=0 and (;;1

p+1 ) b—6c<
n

ho (Pn—l,ﬂﬁn_l(d + p)). Then H(Q2H'(d + p), Q242.(d + p); @ b,¢) implies H(opn (- 1)), Qb (d+

p); e.f.g)-

Proof. The proof of this lemma follows from application of theorem 2.1 on the exact sequence;

n

0 — H° (P",Q};Xl(d + p)) — H° (Pn, Opn (d — 1)®(p+1)) — H° (]P’n_l.ﬂg,nﬂ d+ P)) — 0
Lemma 3.8

Consider H(Oﬂpn (d- 1)®(p+1),nn‘;n_1(d + p); sl,sz,O)Where d>1, s;ands, are non negative integers satisfying
n — n —
(p n 1) s+ (n p 1) s, = hO (]P", Opn (d — 1)®(P+1)) and (n . 1) s, < h° (IP’"‘l,an_l(d + p)). Suppose that the
n
map HO(P", QPr'(d + p)ls,) — HO(P™, QD' (d + 1)|s,) is injective and that the map H° (]P’”, Opn (d — 1)e(p+1)) -

HO (]P’", Opn (d — 1)®(P+1)|51) is surjective where S; < P™ is a general set of points, then the hypothesis H(Opn (d-

n
1)®(p+1), an_l (d + p); 51,82, O) is true.
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Lemma 3.9

n
Consider H(O]pn (d- 1)®(p+1), Qﬂﬂ’m_l(d +p); 51,52, 1>Where d>1, s;ands, are non negative integers satisfying

(p :1_ 1) s+ (n ; 1) s,+ e=h° (]P’", Opn (d — 1)®(p+1)) and (n; 1) s, +e<h® (P”‘l,ﬂgn_l(d + p)). Suppose

that the map HO(P™, QPn'(d +p)ls,) — HO(P™, Q' (d + 1s,) is injective and that the map H° (]P’",O[Pn d-
n n
1)®(p+1)> — HO° (]P’", Opn (d — 1)®(p+1)|51) is surjective where S; < P™ is a general set of points, then the hypothesis

n
H(O]pn d- 1)$(P+1),Q§n_1(d +p); S1, S, 1) is true.

Proof. To prove lemma 3.8, consider the short exact sequence below.

n

0 — HO(P",Q;;#(d+p)) — HO(IP",opn(d—ne’(vH)) — H°(P"‘1.Q‘;n_1(d+p)) — 0

From the sequence above, we can construct the diagram below;

0
l

ker¢ — H° (P"_l, Qpn-1(d + p))
l Il
0 — KO (]P’", 0521(61 + p)) e (]P)n’ Opn (d — 1)69(;)21)) — HO (Pn‘l’ﬂﬁ’"_l(d + p)) — 0
. Lo
HO(P™, 0bn'(d + DIs,) — H° (IP", Opn (d — 1)69("21)'51)

l
0

The map ker¢p — H° (P"‘l,ﬂﬂ’;n_l(d + p)) is injective. Let W € Opn (d — 1)®(P+1) be the image of this map. By
hypothesis dim W = s,. It then follows from the diagram below

n

that map a: W — H° (P"‘l, Opn-1(d — 1)®(P+1)) is bijective.

ker ¢ — w
\) \)

HO ([Pn, Opn (d — 1)@(p21)|sz> == H° (JP", Opn (d - 1)®(P+1)|sz)

Consequently, the map
n n

n
HO (u»n, Opn (d — 1)®(p+1)) — @32,0pn (d - D20 @2, 050 (@ - D264)|g, s bijective and H(opn d-

n
1)®(p+1), Qg)n_l (d + p); 51,82, 0) is true.
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Remark 3.10
a. Lemma 3.9 can be proved in a similar manner, except that this time one takes care of the quotients.

b. Lemma 3.7 is useful for the cases when lemma 3.6 fails, that is, when there are few points relative to d. It carries out a
shift to reduce the size of d.

c. Lemmas 3.8 and 3.9 are useful to prove cases where lemma 3.7 does not apply.
4., CONCLUSION

The minimal resolution conjecture predicts the form of the minimal free resolution for points in general position in the
projective space P™. It asserts that the free resolution of points in such a configuration has no ghost terms. More
prescisely, each of the modules in this free resolution is of the form F, = R(—d — p)**@® R(—d — p — 1)P» with at
most one of the betti numbers a, and b,, being non zero.

One of the methods that can be used to tackle this conjecture is the method of Horace. This is an inductive method and the
proof is basically using diagram chasing. To use this method, one needs an elementary transformation. In our case the
elementary transformation is given in diagram 3.1. Using the leftmost sequence and the sequence in the middle row, one
comes up with the inductive hypotheses. The ultimate goal is to prove that the map below is injective, bijective or
surjective.

HO (P, QP (d +p +1)) — OO0 (d +p + Dlp, 4.1)

Since the betti numbers are given by
a, = max {0, RO (]P’", QP (d +p + 1)) —rk (Qﬂi#(d +p+ 1)) m}

And b, = max {O,Tk (Qg;l(d +p+ 1)) m— h° (IP’", Qg:l(d +p+ 1))}

then bijectivity of the map above implies that both a,, and b,, are zero, while injectivity or surjec-tivity implies exactly
one of the betti numbers a, and b,, is zero.
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